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Yang-Mills moduli and confinement

Phenomenological impact of centre-sector-tunneling
→ Fermi-Einstein condensation in SU(2N) QCD-like theories

Does centre-sector-tunneling take place

in the hadronic phase?
→ lattice gauge simulations: YM + qHiggs

→ centre-sector-tunneling and the ’t Hooft loop

→ tunneling coeffcient (new!)

Does Fermi-Einstein condensation take place

in SU(3) with matter?
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Yang-Mills moduli

use lattice gauge theory throughout
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Yang-Mills moduli
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Yang-Mills moduli

My name is vacuum - the vacuum:

(pert.) vacuum ↔ all contractable loops are 1

= 1 = 1

example:

Uµ(x) = 1

more vacua?
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Yang-Mills moduli

My name is vacuum - the vacuum:

(pert.) vacuum ↔ all contractable loops are 1

= 1 = 1

example:

Uµ(x) = 1

more vacua?

constructing the moduli space

⇒ need to “devide out” the gauge transformations
[Keurentjes, Rosly, Smilga, PRD 58 (1998) 081701]

[Schaden, PRD 71 (2005) 105012]

[Langfeld, Lages, Reinhardt, PoS LAT2005:201,2006.]
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Yang-Mills moduli
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Yang-Mills moduli

vacuum ⇒ tr P (x) = tr P (y), P : Polyakov line

U † P (x)UP †(y) = 1 ⇒ P (y) = U †P (x)U q.e.d.

U

Ux y

P(x) P(y)
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Yang-Mills moduli

complete gauge fixing −→ moduli space
step 1
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Yang-Mills moduli
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step 2
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Yang-Mills moduli

complete gauge fixing −→ moduli space
step 3
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U

P

U P U † P † = 1
[U,P ] = 0
U,P ∈ cartan
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Yang-Mills moduli
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(moduli space!)
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Yang-Mills moduli

choose P1, P2 ∈Cartan such that tr P1 6= tr P2

found a variety of gauge inequivalent vacua

(moduli space!)

centre transformation: z = exp{i 2π
Nc
m}, m = 1 . . . Nc, SU(Nc)

symmetry of the action

mediates between

vacua:

tr P → z tr P
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Hypothesis:
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⇒ confinement!
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Centre sector tunneling:

Hypothesis:

integration over moduli ⇒ average of centre sectors

⇒ confinement!

deconfinement: only one state on moduli space is realised

remarks: needs infinitely many dofs (SSB!)

MC simulation better be ergodic

[ 〈tr P 〉 = 0 also for T > Tdeconf]

dynamical matter (QCD!): flat directions of the vacuum

are lifted, but centre sector tunneling still takes place

in the hadronic phase

extreme conditions: SSB of centre symmetry

on top of explicit breaking
Centre-sector tunneling, confinement and the quark Fermi surface – p. 10/40



Centre sector tunneling:

Illustration:

classical action ⇒ moduli space

orbifold
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Centre sector tunneling:

Illustration:

quantum effective action, pure YM ⇒ centre sectors

centre sectors

SU(3)
barrier!
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Centre sector tunneling:

Illustration:

quantum effective action, QCD ⇒ centre sectors

centre sectors vacuum

tunneling
QCD: hadronic phase
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Centre sector tunneling:

Illustration:

quantum effective action, QCD ⇒ centre sectors

centre sectors vacuum

tunneling
QCD: hadronic phase

centre sectors vacuum

SSB
QCD: extreme conditions
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I discuss the phenomenological impact
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Centre sector tunneling:

...before discussing whether centre sector tunnelling in

QCD takes place,

I discuss the phenomenological impact

consider SU(2N) + dynamical matter (QCD-like theories)

at finite chemical potential µ

⇒ Fermi-Einstein-Condensation (FEC) ⇐

...will talk about SU(3) + matter = QCD later
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Fermi-Einstein-Condensation (FEC)

Model consideration:

q(x): quarks, m: mass, µ: chemical potential

Am: moduli fields ⇒ weighted sum over centre sectors
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Fermi-Einstein-Condensation (FEC)

Model consideration:

q(x): quarks, m: mass, µ: chemical potential

Am: moduli fields ⇒ weighted sum over centre sectors

partition function: exp{iAm} = Zm ∈ Z(NC)

Z =
∑

m=1
Nc pm

∫

DqDq̄ exp{q̄(i∂/+ (Am + iµ)γ0 + im)q}

pm : probability for centre sector m

pure YM-theory: pm = 1/Nc, ∀m
high T SSB phase: pNc = 1, pm = 0 for m = 1 . . . Nc − 1

hadronic phase: pNc > pm 6= 0 for m = 1 . . . Nc − 1

[Langfeld, Wellegehausen, Wipf, Phys. Rev. D81 (2010) 114502]
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Fermi-Einstein-Condensation (FEC)

Results for baryon density:

B == 1
π2

∫ ∞
m
dE E

√
E2 −m2 ρ(E, T, µ)

ρ(E, T, µ): density of states
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ρ(E, T, µ): density of states
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Fermi-Einstein-Condensation (FEC)

Results for baryon density:

B == 1
π2

∫ ∞
m
dE E

√
E2 −m2 ρ(E, T, µ)

ρ(E, T, µ): density of states

ρ(E, T, µ) =
∑

m
zm

e[E−µ]/T +zm
wm ,

zm: centre phases, wm: weights

wm = pm ρm/
∑

i pi ρi

ρi = exp
{

V
π2

∫ ∞
m
dE E

√
E2 −m2 ln(1 + zie

−E−µ
T )

}
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Fermi-Einstein-Condensation (FEC)

(I) high temperature phase

remember:

sector probability: pNc = 1, pm = 0 for m = 1 . . . Nc − 1

centre element: zNc = 1

weights: wNc = ρNc/ρNc = 1, wm = 0 else
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Fermi-Einstein-Condensation (FEC)

(I) high temperature phase

remember:

sector probability: pNc = 1, pm = 0 for m = 1 . . . Nc − 1

centre element: zNc = 1

weights: wNc = ρNc/ρNc = 1, wm = 0 else

ρ(E, T, µ) =
∑

m
zm

e[E−µ]/T +zm
wm = 1

e[E−µ]/T +1

free quarks with a Fermi surface !!

Centre-sector tunneling, confinement and the quark Fermi surface – p. 17/40



Fermi-Einstein-Condensation (FEC)

(II) hadronic phase (Nc even)

sector probability: pNc > pm 6= 0 for m = 1 . . . Nc − 1

centre element: zNc/2 = exp{i 2π
Nc

Nc

2
} = −1

weights: wNc/2 ≈ pNc/2ρNc/2

pNc/2ρNc/2
= 1, wm ≈ 0 else

ρNc/2 = exp
{

V
π2

∫ ∞
m
dE E

√
E2 −m2 ln(1−e−

E−µ
T )

}

→ ∞

Cooper instability familiar from BEC !!
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Fermi-Einstein-Condensation (FEC)

(II) hadronic phase (Nc even)

sector probability: pNc > pm 6= 0 for m = 1 . . . Nc − 1

centre element: zNc/2 = exp{i 2π
Nc

Nc

2
} = −1

weights: wNc/2 ≈ pNc/2ρNc/2

pNc/2ρNc/2
= 1, wm ≈ 0 else

ρNc/2 = exp
{

V
π2

∫ ∞
m
dE E

√
E2 −m2 ln(1−e−

E−µ
T )

}

→ ∞

Cooper instability familiar from BEC !!

ρ(E, T, µ) =
∑

m
zm

e[E−µ]/T +zm
wm = −1

e[E−µ]/T −1

Fermi-Einstein Condensation (FEC) !!
[Langfeld, Wellegehausen, Wipf, Phys. Rev. D81 (2010) 114502]
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Fermi-Einstein-Condensation (FEC)
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Fermi-Einstein-Condensation (FEC)
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ρ(

E
,T

,µ
)

high temperature
hadronic phase

Fermi sphere

FEC

µ

µ/T = 10

Interpretation:

centre dressed quarks acquire Bose statistic

and condense because of a Cooper instability

quarks are still represented by Grassmann fields

but the spin-statistic theorem does not apply

as long as colour is confined
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Centre sector tunneling:

Does centre sector tunneling take place in

in the hadronic phase of QCD ?

centre sectors vacuum

tunneling
QCD: hadronic phase
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Model considerations:

The SU(2) - qHiggs model

Degrees of freedom:

gluons −→ Uµ(x)

Higgs (scalar, fundamental rep.) −→ φ(x)
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Couling constants:
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Model considerations:

The SU(2) - qHiggs model

Degrees of freedom:

gluons −→ Uµ(x)

Higgs (scalar, fundamental rep.) −→ φ(x)

Couling constants:

bare gauge coupling −→ g ↔ β

Higgs mass −→ κ : mass ∝ 1/κ

NO Higgs quartic coupling (quadratic Higgs)

need good ergodcity:
lHMC for the gluon sector

HMC for the Higgs sector

simulations at the HPCC, Plymouth
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Model consideration:

String breaking

Pure Yang-Mills theory [no dynamical quarks]

r

electric flux tube:

Q Q

E~ σ r
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Model consideration:

String breaking

Pure Yang-Mills theory [no dynamical quarks]

r

electric flux tube:

Q Q

E~ σ r

QCD [with dynamical quarks]

string breaking: E~ σ r ~ 2m

Q Q

singlets

light  (anti)quarks

r
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Model consideration:

SU(2) + qHiggs:
carefully tune the

bare mass (κ)
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Model consideration:

SU(2) + qHiggs:
carefully tune the

bare mass (κ)

0 1 2 3 4 5 6 7 8 9 10
r/a

0

1

2

3

4

V
(r

) 
a

ground state
excited state

SU(2) 20
4 β=2.2 κ=0.142  20,000 configs

KL, HPCC Plymouth

shows string breaking

breaks center symmetry

abundance of configs
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Centre sector tunneling: YM + qHiggs

Polyakov line: P =
〈

∑

~x

∏

t U0(~x, t)
〉
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Centre sector tunneling: YM + qHiggs

Polyakov line: P =
〈

∑

~x

∏

t U0(~x, t)
〉

2.2 2.3 2.4 2.5 2.6 2.7
β

0

0.005

0.01

0.015

0.02

0.025

<
P

>
 / 

V 3

24
3
 x 6, pure YM

30
3
 x 6, pure YM

24
3
 x 6, YM + q Higgs

T
c

T
c

shift of Tc:

300MeV −→ 170MeV
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Centre sector tunneling: YM + qHiggs

A lesson from the Ising model:

vacuum 1 vacuum 2centre
transf.

+1 −1

reference  spin
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reference  spin
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Centre sector tunneling: YM + qHiggs

A lesson from the Ising model:

vacuum 1 vacuum 2centre
transf.

+1 −1

reference  spin

magnetisation: 〈M〉 = 0 (Swendsen-Wang cluster alg)

use:
〈

M(0)
∑

xM(x)
〉

∝







ξ3 = finite, symm. phase

V3 SSB phase
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Centre sector tunneling: YM + qHiggs

Polyakov line:
〈

p(0)
∑

x p(x)
〉

∝







σ−3 = confinement phase

V3 high T phase
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Centre sector tunneling: YM + qHiggs

Polyakov line:
〈

p(0)
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∝







σ−3 = confinement phase

V3 high T phase
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Centre sector tunneling: YM + qHiggs

Polyakov line:
〈

p(0)
∑

x p(x)
〉

∝







σ−3 = confinement phase

V3 high T phase

2.2 2.3 2.4 2.5 2.6 2.7
β
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<
P

P
>

 / 
V 3

24
3
 x 6, pure YM

30
3
 x 6, pure YM

16
3
x6, YM + qHiggs

24
3
 x 6, YM + qHiggs

data suggest tunneling

for β < βc

depsite of explicit

centre symm. breaking
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Centre sector tunneling: ’t Hooft loop

centre sector transformation: |ψ〉 → |Zψ〉
Wigner Weyl: 〈ψ|Zψ〉 = 1
SSB: 〈ψ|Zψ〉 = 0, (V3 → ∞)
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Centre sector tunneling: ’t Hooft loop

centre sector transformation: |ψ〉 → |Zψ〉
Wigner Weyl: 〈ψ|Zψ〉 = 1
SSB: 〈ψ|Zψ〉 = 0, (V3 → ∞)

consider:

∑

ψ〈ψ|e−H/T |Zψ〉
∑

ψ〈ψ|e−H/T |ψ〉
=

{

1 for Wigner Weyl

0 for SSB
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consider:

∑

ψ〈ψ|e−H/T |Zψ〉
∑

ψ〈ψ|e−H/T |ψ〉
=

{

1 for Wigner Weyl

0 for SSB
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Centre sector tunneling: ’t Hooft loop

centre sector transformation: |ψ〉 → |Zψ〉
Wigner Weyl: 〈ψ|Zψ〉 = 1
SSB: 〈ψ|Zψ〉 = 0, (V3 → ∞)

consider:

∑

ψ〈ψ|e−H/T |Zψ〉
∑

ψ〈ψ|e−H/T |ψ〉
=

{

1 for Wigner Weyl

0 for SSB

variable subs.

’t Hooft loop!
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Centre sector tunneling: ’t Hooft loop

pure SU(2) YM-theory:
[ de Forcrand, v. Smekal,

PRD 66 (2002) 011504.]
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Centre sector tunneling: ’t Hooft loop

pure SU(2) YM-theory:
[ de Forcrand, v. Smekal,

PRD 66 (2002) 011504.]
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also: ’t Hooft loop ↔ vortex free energy
[Kovacs, Tomboulis, PRL 85 (2000) 704]
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Centre sector tunneling: ’t Hooft loop

pure SU(2) YM-theory:
[ de Forcrand, v. Smekal,

PRD 66 (2002) 011504.]
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also: ’t Hooft loop ↔ vortex free energy
[Kovacs, Tomboulis, PRL 85 (2000) 704]

t Hooft loop with dynamical matter ???

here: 〈ψ|Zψ〉 well defined ↔ centre sector tunneling
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Centre sector tunneling: ’t Hooft loop

pure SU(2) YM-theory:
[ de Forcrand, v. Smekal,

PRD 66 (2002) 011504.]
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also: ’t Hooft loop ↔ vortex free energy
[Kovacs, Tomboulis, PRL 85 (2000) 704]

t Hooft loop with dynamical matter ???

here: 〈ψ|Zψ〉 well defined ↔ centre sector tunneling

difficult to calculate with dynamical matter
[100,000 configs]
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Centre sector tunneling: ’t Hooft loop

pure SU(2) YM-theory:
[ de Forcrand, v. Smekal,

PRD 66 (2002) 011504.]
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T / Tc

Zk(1)

63x4

83x4

103x4

123x4

163x4

203x4

also: ’t Hooft loop ↔ vortex free energy
[Kovacs, Tomboulis, PRL 85 (2000) 704]

t Hooft loop with dynamical matter ???

here: 〈ψ|Zψ〉 well defined ↔ centre sector tunneling

difficult to calculate with dynamical matter
[100,000 configs]

need something else....
Centre-sector tunneling, confinement and the quark Fermi surface – p. 31/40



Interface tension: YM + qHiggs

A lesson from the Ising model:

periodicity
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Interface energy: F

exp{−F/T} = partion function
partion function
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Interface tension:

Define:
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Centre interface energy: Fnm

exp{−Fnm/T} = 1
N
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tr

∏

t U0(x)

VV< >

Polyakov lines

3−space
Center map: C(P )

C = n : P ∈ C → zn

Centre interface energy: Fnm

exp{−Fnm/T} = 1
N

∫

DU Dφ δ
(

m,C(P<)
)

δ
(

n,C(P>)
)

eS

Tunneling coefficient:

probability
(

C(P<) and C(P>)
)

are different
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Interface tension: YM + qHiggs

tunneling coefficient for SU(2):

C(P<) −1 −1 +1 +1

C(P>) −1 +1 −1 +1

tunneling → 1/2

SSB → 0
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Interface tension: SU(3) + quarks

tunneling coefficient for SU(3):

C(P<) −1 −1 0 0 +1 +1

C(P>) −1 0 +1 −1 0 +1

tunneling → 2/3

SSB → 0
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Interface tension: SU(3) + quarks

tunneling coefficient for SU(3):

C(P<) −1 −1 0 0 +1 +1

C(P>) −1 0 +1 −1 0 +1

tunneling → 2/3

SSB → 0
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using MILC configs

Nf = 2, ma = 0.0125

βc ≈ 5.26
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Centre sector tunneling:

evidence that centre sector tunneling take places in

in the hadronic phase of QCD !

centre sectors vacuum

tunneling
QCD: hadronic phase
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Centre sector tunneling:

evidence that centre sector tunneling take places in

in the hadronic phase of QCD !

centre sectors vacuum

tunneling
QCD: hadronic phase

is there FEC for SU(N),

N odd, such as SU(3)?
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Fermi-Einstein-Condensation (FEC)

Model consideration: SU(3)

q(x): quarks, m: mass, µ: chemical potential

Am: moduli fields ⇒ weighted sum over centre sectors
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Fermi-Einstein-Condensation (FEC)

Model consideration: SU(3)

q(x): quarks, m: mass, µ: chemical potential

Am: moduli fields ⇒ weighted sum over centre sectors

partition function: exp{iAm} = Zm ∈ Z(NC)

Z =
∑

m=1
Nc pm

∫

DqDq̄ exp{q̄(i∂/+ (Am + iµ)γ0 + im)q}

pm : probability for centre sector m

hadronic phase: pm ≈ 1/Nc, ∀m
high T SSB phase: pNc = 1, pm = 0 for m = 1 . . . Nc − 1
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Fermi-Einstein-Condensation (FEC)
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orgin of the Cooper instability:

exp{−F/T} = Z =
∑

m=1
Nc pm

∫

DqDq̄ . . . → 0
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Conclusions:

Sum over Yang-Mills moduli ⇒ confinement
Yes, there is a QCD perturbation theory with confinement!

quantum level: centre-sector tunneling ⇒ confinement
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Phenomenology of centre-sector-tunneling:
effective quark theory ⇒ Cooper instability

Fermi-Einstein condensation in SU(N) QCD-like theories

N even [analytical] ✔, N odd [numerical] ✔
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Conclusions:

Sum over Yang-Mills moduli ⇒ confinement
Yes, there is a QCD perturbation theory with confinement!

quantum level: centre-sector tunneling ⇒ confinement

Phenomenology of centre-sector-tunneling:
effective quark theory ⇒ Cooper instability

Fermi-Einstein condensation in SU(N) QCD-like theories

N even [analytical] ✔, N odd [numerical] ✔

Evidence that centre-sector-tunneling takes place

in the hadronic phase:
lattice gauge simulations: SU(2) + qHiggs, SU(3) + Nf = 2

→ tunneling coeffcient

generalised ’t Hooft loop (〈ψ|Zψ〉) with dynamical matter...

Centre-sector tunneling, confinement and the quark Fermi surface – p. 40/40
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